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The maximal quartile operator

Christoph Thiele

1. Introduction.

Let C2(R) denote the set of all functions f : R — R that are finite
linear combinations of characteristic functions of dyadic intervals, i.e.,
intervals of the form [2Fn, 2¥(n+1)) with k,n € Z. We define the Walsh
function W; € CA(R) for [ € Ny by the following recursive formulas

(1) Wo =1p01)
(2) WQ[ZWZ(2$)+WZ(2$—1),
(3) WQH_l = Wl(2 ZE) - Wl(2£€ - 1) .

For k,n € Z,1 € Ny we define the Walsh wave packet wy, i by
W1 (T) = 9 k/2 Wi (27%z —n).

The quartile operator Hy, and the maximal quartile operator Hy** are
then defined by

HW (f, g) = Z 2_k/2 <f, wk,n,4l> <gv wk,n,4l+1> Wi, n,41+2 »

k,neZ
1eNg

Hy™(f,9)(x)

D0 27 f Wk ) (9 W st 1) Wt 2()|

k,neZ
leNp
k<K

= sup
KeZ
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108 C. THIELE
In this paper we prove the following theorem:

Theorem 1. Let p,q,r satisfy

1 1 1 2
(4) —=—-4—, —<p<oo, 1<q, r<oo.
p q r 3

Then there is a constant C such that for all functions f,g € C*(R)

1Hw (f,9)lp < CIfllg llgll

1w (f, 9)llp < C g Mgl -

Only the estimates for Hy;** are new, but our approach gives the
estimates for Hyy without extra work.

The quartile operator has been introduced in [11] as a discrete
model for the bilinear Hilbert transform. The bilinear Hilbert transform
H is defined as a bilinear operation from S(R) x S(R) into C(R) by

H(f.9)(x) == pov. / fla— g

It has been shown in [5] and [7], see also [6] and [8] for a survey and
[11] for a condensed proof, that the bilinear Hilbert transform satisfies
the a priori estimates

() I (f, 9)lp < Cor 1 Fllq [l

provided p, q, r satisfy (4). More recently, M. Lacey has shown (see [4])
that also the maximal truncation of the bilinear Hilbert transform,

@
t

Y

(1) @) i=suwp| [ fla- g+
e>0 1 JR\[—e,e]

satisfies estimates as in (5), (4). By the same method he has observed
that the maximal operator

M(f,g)(x) = sup | - / Fla— ) gl + 1) di]
[—¢,¢]

e>0 1€

satisfies estimates as in (5), (4). For the operator M, these estimates
are nontrivial only if p < 1.
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The current paper is an adaption of the ideas in [4] to the discrete
model of the quartile operator. As in [4], the main ingredient that is
needed to pass from estimates for Hyy to estimates for Hyj** is a version
of a lemma by Bourgain (see [1]) for certain maximal averages.

We use analysis in the Walsh phase plane as in [11]. We give all

the necessary definitions, but at some places we refer to results in [11].

2. The main lemma.

The main issue in proving Theorem 1 is to efficiently make use of
orthogonality of wave packets. For this we have to identify appropriate
large sets of pairwise orthogonal wave packets. We will associate to each
wave packet a rectangle in the half plane, so that disjoint rectangles
correspond to orthogonal wave packets. Then the combinatorial issue
is to identify sets of pairwise disjoint rectangles. This is the main idea
behind the following Lemma 1. In the proof of this lemma one has to
identify sets of pairwise disjoint rectangles so that we can use the second
hypothesis of the lemma. This lemma already appears implicitly in [7].

pa(P)
p3(P)
p2(P)

pi(P)
Ip

wp

Table 1. Subdivision of quartiles.

A tile p is a rectangle p = I, X w, of area one in the upper half
plane, such that I), and w, are dyadic. Hence for each tile p there are
integers k,n,[ with [ > 0 such that

I, =[2"n,2"(n+1)),  wp,=[27"1,27"(1+1)).
Similarly, a quartile P is a rectangle Ip x wp of area four in the upper

half plane, such that Ip and wp are dyadic. Each quartile P is the
union of four tiles p1(P), p2(P), ps(P), and ps(P), as in Figure 1.
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If p,q are two tiles, then we write p < ¢ if I,, C I, and w; C wy,.
This defines a partial ordering of the set of tiles. Let + € {1,2,3}. A set
T of quartiles is called a tree of type 1, if {p,(P)}pecr contains exactly
one element which is maximal in {p,(P)}per. If p,(Pr) is this maximal

element, we write p,(Pr) = I X wp = pr and call pp the top of the
tree.

Lemma 1. Assume that we are given exponents 1 < s, < oo for
7 € {1,2,3} such that 1/s1 + 1/sa + 1/s3 > 1, and we are given a
constant B > 0. Then there is a constant C' > 0 such that the following
holds:

Let P be a finite set of quartiles. For each j € {1,2,3} let

CLJ:P—>R+

be a function such that the following two hypotheses are satisfied:
1) Letv# 3. If T C P is a tree of type 1, then

P)2 1/2
[(32 1), < Bl
per 1Pl !

2) Let v # 3, m € Z. Let P' C P be a disjoint union of trees of

type 1
P = U T,
TeF

such that the set {p,(P) : P € P’} is a set of pairwise disjoint rectangles
and, for each T € F, we have

aJ(P)2 )1/2H m/s
1 > 25 ).
H(Z |[p| Tr 1 | T|

PeT

Then

> |Ir| <B2™™.

TeF

Then we have the estimate

> 1Ip[7? a1(P) az(P) as(P) < C.
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We prove the lemma. Let m € Z and 1, 7 € {1,2,3} with 2 # 3. We
say that a tree T satisfies the size condition (m,1,), if T is of type 1
and

a,(P)* . \1/2 m/s
© [ ) 22
PeT

We say that a tree T satisfies the size condition (m,,2), if T is of type
1 and

) &)

> 2m/o
[ Ip|

forall PeT.

The size of a tree T' is the maximal m € 7Z such that T satisfies a
size condition (m,1,2) for some 1,7 € {1,2,3}.

We partition the set P into trees Ty, ..., TN as follows. Let v € N
and assume by induction that T}, is already chosen for all v/ with v/ < v.

Define
P,:=P\ (JT,.
v'<v

We can assume P, is not empty. Let m, be the maximal integer for
which there exists a tree T' C P, of size m,,, and let F, be the set of
all trees T' C P, of size m,,. Define F,*** to be the set of trees in F,
which are maximal in ¥, with respect to set inclusion. Let F, o be
the set of all trees in F.*** which satisfy a size condition (m,1, ) with
1 < 3. If F, < is nonempty, choose T, ;1 € F, < such that the center of
wr,,, is maximal. If F, - is empty, choose T, € F®* such that the
center of wr,_ , is minimal.

Since P is finite, the algorithm stops with a finite partition of P
into {T1,...,Tn}. Define F :={T1,...,Tn}.

In the following estimates, C' will denote a constant depending on
s, and B. The precise value of C' may change from line to line.

Lemma 2. If T € F and the size of T is m, then, for 1 # 3,

(> aJ(P)"')l/2 < C2m/o |Ip|'2,
PeT

and

(P
sup )

< Com/s
preT +/|Ip
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PROOF. Let T € F be of size m. Define

a, 2 1/2
f:= (Z |([113|) 11P> .

PeT

To prove the first estimate of the lemma, we have to bound the L2-
norm of f. We prove ||f||gmoa < C 2™/% which gives the appropriate
bound on || f]|2, because f is supported on Ir.

Let J be a dyadic interval. We have to show

(8) inf [ (f(z) = ¢)duw < C2™/% .
c |y

We split the sum in the definition of f into the sum over those P with
Ip C J and the sum over those P with I'p ¢ J. The second sum is
constant on the interval J. Hence, using the inequality

(a+ b)1/2 _p/2 < a1/2,

which holds for any two positive numbers a, b, we can estimate the left
hand side of inequality (8) by

agz(P) 1/2
ﬁ/]( Z Tp| IIP($)> dz .

PeT:IpCJ

By passing to subintervals, if necessary, one observes that it suffices to
bound this expression under the assumption that there is a P’ € T such
that Ipr = J. But then the set Ty := {P € T': Ip C J} is a tree of
type ¢. The size of this tree is at most m by construction of the tree T'.
The size estimate for Ty then shows that (9) is bounded by C 2™/%.
This finishes the desired BMO estimate and therefore the proof of the
first estimate of the lemma. The second estimate follows immediately
from the observation that the set {P} is a tree of type s for all P € T
and has size less than or equal m. This finishes the proof of Lemma 2.

Lemma 3. Let F,, be the set of trees in F with size m. Then

> |Ipj<c2m.

TeFm
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Proor. Fix 1,7 € {1,2,3}. It suffices to show the desired estimate
for the sum over the set F,, , , of those T' € F,, which satisfy the size
condition (m,1,7) but no size condition (m,s,j") with 3 < 5. We first
consider the case + = ). Pick ¢’ # ¢ and consider the set p,,, , of all
tiles which are tops of trees in Fp,,,. Then p,,,, is a set of pairwise
disjoint rectangles. To see this assume to the contrary that the tops
of two trees T',T" € F,,,, intersect. We can assume that T has been
selected before T'. Then the union TUT’ is a tree containing 7', which
contradicts the maximality of T at the time it was selected. Since each
set {P} with P € P’ is both a tree of type ?' and of type 2, we can
apply (7) and the second hypothesis of the proposition to conclude the
desired estimate.

Now assume 2 < j. For a tree T define 774 to be the set of P € T
such that Ip is not minimal in {Ip: : P’ € T}. If T**¢ is nonempty, it
is again a tree. Define TRed = (Tred)red 1f T ¢ F,, , . then

I = =),

PeTRed |IP|
a,(P)? 1/2 a,(P)? 1/2
IS 0| ),
—H(Z Ip| '* | 2 Ip| ' 1
PET PET\TRed

Since the size of each tree {P} with P € T \ TR is less than or
equal m and the intervals Ip with P € T\ T**% as well as those with
P ¢ T4\ TRed are pairwise disjoint, we can bound this expression by

> 2m/s]+3|IT| - 2m/s]+1 |IT| - 2m/s]+1 |IT| > 2m/s] |IT| )

The desired estimate now follows from the second hypothesis of the
proposition as soon as we prove that for any 7,7’ € F,,,, and any
P e T P e T with P # P’ we have that p,(P) and p,(P') are
disjoint. To prove this assume to the contrary that w, py C wp (pr),
Wp,(P) # Wp,(Py- Since ¢ < 7, it is easy to see that the center of wy, (p)
is greater than the center of w), (pry. Hence T" has been selected before
T'. Pick P, P" € T'\ T'** such that p,(P") < p.(P") < p.(P').
Then we have

wp,(P) C Wp,(prry s Ap,(pry Cp,(p) -

Hence P” qualifies to be in the tree T', a contradiction to the maximality
of T'. This finishes the proof of Lemma 3, since the case 2 > 7 is done
similarly to the case 1 < 3.
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The size of a tree in F is bounded by a constant C'. This is im-
mediate in the case of size conditions (m, 1, ) with 2 # 7 from the first
hypothesis of the lemma. For + = 3 we apply, as we have done before,
the first hypothesis of the lemma to trees containing just one element.

Hence we have

1

al(P) CLQ(P) CL3(P)

ZZ > Y P)as(P) as(P).

mez v I=1TEFm, ., PET
m<C

|IP

Applying Holder’s inequality gives

<Y Z Z mH(Za,(}Jp)W.

m<mg 2,)=1TEF, #1  PEeT

Now Lemma 2 gives
3
SY Y Y catsmsm
m<C 1, )=1TEF (m 1,y

Finally Lemma 3 gives
: (1/s1+1/s241/s3—1)
< s141/s2+1/sg—1)m
< %20 ,;1 C2
This is a convergent geometric series and hence bounded by a constant
C'. This finishes the proof of Lemma 1.
3. The maximal quartile operator.

If p is the tile [2Fn, 2%(n 4+ 1)) x [27%],27%(1 + 1)), then we denote
by w, the Walsh wave packet given by

Wy (2) = Wg,p 1 (x) =27 k/2 Wi (2™ ko — n).
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The significance of this identification is that if p and p’ are two disjoint
tiles, then w, and w, are orthogonal. Moreover if a p < g for two
tiles p and g, then then on the interval I,, the functions w, and w, are
multiples of each other. For a proof of these easy facts see [11].

Let P denote the set of all quartiles. Then the maximal quartile
operator Hy** can be written as

Hy™(f,9)(r)
=] S (00 ) (e 0) )]

KEL' pep.|Ip|>2k

Now let £ € C2(R). Then the linearized maximal quartile operator
Hyis defined by

HE(f)@) = Y ﬁ (i, 2y, ) (W2 9) Wy ()

PEP:|Ip|>2r(2)

By standard arguments, an LP-bound on Hyj, that does not depend on
the function x implies the corresponding bound for Hp**. We fix the
function x and write

Hy, (f,9) Z \/|17P (v1,p, f) (v2,p, 9) v3,P(2)

PecP
where
UL,P 1= Wy (P) s U2,P = Wpy(P)
Wy (py (7). if [Ip| > 202,
vs,p() =
0, if |Ip| < 26()

By integrating against a third function f3, we obtain a trilinear form

T - C2(R) x C*(R) x CA(R) — R,

Tiy (fio fas f3) = D (v1,p, f1) (v2,P, fa) (v3,P, f3) -

1
pPep V 1P|

For each permutation o of the set {1,2,3} we obtain the bilinear oper-
ator Hyp” defined by

/Hﬁ}”(fl, f2)(x) f3(x) dv = Ty (fo-1(1), fo-1(2), fo1(3)) -
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We will prove Theorem 1 in two steps: The first step is to prove the
following proposition:

Proposition 1. Let 1 < rq,r9 < 2 and assume

1 1 1 3

r 1 T9 2

Then there is a constant C' such that for all k, o as above and all

f1, fa € CA(R)

(10) 1Hw? (f1, f)lle < Cllfalley (1 F2lrs -

The second step consists of an interpolation argument which is
given in the appendix.

4. Proof of Proposition 1.

By Marcinkiewicz interpolation (see [3]) it suffices to prove the
corresponding weak type estimate instead of (10). By homogeneity —
here we use that x was arbitrary — and linearity it suffices to prove that
for || fullr, = llf2llr. = 1 we have

{z: Hy”(f1. f2)(x) > 1} < C.
Fix such f; and fs and define
E :={x: max{Mﬁ‘fl(.r),Méfz(x)} >1}.

Here we have set

i@ = (s [irwpras)”.

I:dyadic,z€I

By the maximal theorem the measure of E is bounded by a universal
constant, hence it suffices to prove a weak type estimate outside the
set E; i.e., since each v, p is supported on Ip, it suffices to prove a
universal bound on the measure of the set

1
F = {33 : Z —— <%(1),P,f1> <UU(2),P7f2> Uo—(3),P(5'3) > 1}-
PeP:IpZE Ip|
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For this we can assume that the measure of F' is larger than 1. Let f3
be the characteristic function of F, divided by |F|Y/2. It is easy to see
that f3 € C2(R) and we have

1
|[FI? < Z N (Vo (1), f1) (Vo (2),P; f2) (Vo (3),P, f3) -
PEP:IpCE P

Now the following lemma, applied with r3 := 2 and f1, fo, f3, 71, 72
as above, implies that |F'| is bounded. Observe that for these data
E3 = @, hence the set E in the lemma coincides with the set £ above.

Lemma 4. Let 1 < rq,re,r3 < 2 with

1 1 1
1< —4+—4+—<2.
r1 T2 r3

Then there is a constant C' such that the following holds: Let f1, fa, f3 €
C?(R) with
[ fillrs = I f2llre = Il f3llrs = 1.

Define
E, ={x: M,ffz(a:) > 1}

and E := F1 U Ey U FE3. Then

1
Y = vo)s 1) (Wo2)s f2) (Voa), f3)| < C.

PeP:Ip¢E | 1p|

It remains to prove this lemma. By symmetry we can assume that
o is the identity. First observe that under the hypotheses of the lemma
it suffices to prove that for any finite subset Q C {P € P: Ip ¢ E},
such that (v1 p, f1) (ve,p, f2) (vs,p, f3) # 0 for all P € Q, we have

Z 1Ip |7 2| (v1,p, f1) (va,p, fo) (v3,p, f3)] < C'.

PeQ

This inequality is the conclusion of Lemma 1 applied to the set Q and
the functions a, defined by

a,(P) = [(vy,p; fy)] -
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It remains to verify the two hypotheses of Lemma 1 with s, := r,’ + ¢ for
some small €, and B some number which will evolve from the estimates
below.

5. Verification of Lemma 1.1).

Let ¢+ # 5. Fix a tree T as in Hypothesis 1. It suffices to prove

I( 2 . f’ﬁ;’f 1) <cish.

for all 1 <t < 2. Namely, if this is true, we apply it to f = f, 17, and
obtain with Holder’s inequality

(35 )", < et s e

If we set t := r,, then the right hand side is bounded by C'|Ir|, since
It ¢ E. Hence Hypothesis 1 is satisfied.

By standard square function techniques it suffices to prove the
estimate

(12) HZ ) (Fo v wg, ey, < IS

uniformly for all functions ¢ : T — {—1,1} and all functions f €
CA(R).

First we assume that 7 # 3 and prove this estimate by real inter-
polation. For ¢ = 2 it follows simply from the fact that the rectangles
{p,(P) : P € T} are pairwise disjoint. It remains to prove the weak
type estimate

(13) Hx 2 S e(P) (fy wyp)) wp,(py (@) > )\H <C|fIl AL

pPeT

We fix A > 0 and split f into a good function g and a bad function b
as follows: Let E be the set where the maximal function M{ f is larger
than X. Let {I,})_, be the set of maximal dyadic intervals contained
in K. Define

bn = 11n (f — )\npr) ,
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where pr is the top of the tree T" and A, is chosen so that b,, is orthog-
onal to wy,. Define b = Zivzl b, and g = f — b. It suffices to prove
estimate (13) for g and b separately. Since g is obviously bounded
by Cmin {\, M2 f(z)}, the estimate for g follows from the previously
proved L? estimate.

On the other hand,

> e(P) (bns wy,(py) wy, (P
PeT

is supported on 4 I,,. This is because if I, (p) is larger than 4 I,,, then
there is a tile ¢ with I, = I,, ¢ < p,(P), and q < p,(Pr). Hence w,, (p)
and wy, are multiples of each other on the interval I,, and therefore
wy, (py and by, are orthogonal.

This proves the weak type estimate for the bad function and thus
finishes the proof of Hypothesis 1 in the case j # 3.

Now assume 7 = 3. Instead of (12) we prove the dual estimate

| = Pyt mvne|, < C Il
PeT

If we replace f by

> e(P) (frwp,p) wp, )

PeT

which by the ideas used in the case j # 3 satisfies
| Z ) () ) |, < €T

we see that it suffices to prove

| S ||, < Clifle

PET
This in turn follows by the maximal theorem from the pointwise esti-

mate
‘ ZU’ wp,(P))UJ,p(r)‘ < CMzAf(x).
PeT

To prove this pointwise estimate, it suffices to prove

(14) el SC MG S,
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for all k € Z, where

foi= Y (o)) wp, ) -

PET:|Ip|>2F

Fixx € Rand k € Z. Let I, and Ix_5 be the dyadic intervals containing
z of length 2% and 2¥~2 respectively. Then the functions wy, (py With

I C Ip, |Ip| > 2% are multiples of each other on the interval Ij_s.
Hence fy is of constant modulus on I;_5, and we have

(15) 1TV | fe(@)] < C I fell o) -

It is easy to see that f; is orthogonal to f — fi on the interval I,. Hence
the right hand side of (15) can be estimated by ||f||z>(r). This proves
(14) and completes the verification of Lemma 1.1).

6. Verification of Lemma 1.2).

Let P’ C Q be a set of quartiles as in Hypothesis 2, i.e., P’ is a
disjoint union of trees of type 2

U
TeF

such that the set {p,(P) : P € P’} is a set of pairwise disjoint rectangles
and, for each T' € F, we have

(16) H(Z | f]vvj, IP>1/2H1 22m/s, |IT|-

[ Ip|

Here 3 # 1 and m € Z. Define the counting function
N := Z ]'IT .

We have to estimate the Li-norm of the counting function N. Fix A > 0
and consider the set

By i={z: Mf_sf)(x) < yAY" and N(x) 2 A},
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for some small constants v = y(m,s;) > 0 and § > 0 to be specified
later. The set F) is clearly contained in the set

Fy = {N(x) > %}

Let I be a maximal dyadic interval contained in F)y and assume INFE) #

@. Define
Nr= Y 1.
TeF:IrCI

Then N — Ny is constant on I and bounded by A/4, since otherwise the
double of I was also contained in F, a contradiction to the maximality
of I.

We assume the following inequality, which we will prove later

an (Vi) > ZH<C’|I| (275 AT i M ()

Since I N Ey # &, the infimum on the right hand side is bounded by
v AH/75. Moreover it is bounded by 1, since otherwise I was contained
in the set where the maximal function M,f;‘ f is larger than 1, and hence
Ny = 0, which is impossible because I N Ky # &.

Maximizing the expression on the right hand side of the previous
inequality over A\ gives

A
{Ni(@) > T} < olmi @i yrotonys

Now we pick v smaller than C 2™/" for an appropriate small constant

C, then we have
1]
< —.
HNI( )2 4}‘ = 100

Taking unions we obtain
|Fx|

Ey\l <
|Ey\| 100 °

Now we have

Il = [ ¥ = A i

< [ 105 £yw) = 7 XY A+ / Bl A

/ ‘ ‘dA
100

<c2™™ r+ — N1 -
< 1£5lle, + 35 IVl

<~y M,

6f]
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This gives the appropriate bound on the counting function. Therefore
it remains to prove (17).
Pick a > 1 and define

={z: Ni(z) > u}.
Define

f],u::{TEJ:Z ITCI, [T¢EM}7

PI:H = U T, NI,,u = Z 1]T.
TEFr,, TETT,,

It is easy to see from the dyadic property of all intervals Ip that
INLulloo < 1

We introduce some measure spaces: The first one is the set Py,
endowed with counting measure. The second one, Z, is as a set the
abstract disjoint union of the sets Iz, T' € Fr ,, where each of the It is
endowed with Lebesgue measure normalized such that I has measure
1. The third one is F7 , with counting measure. The fourth space is
simply R with Lebesgue measure.

Now we consider functions on the cartesian product of these mea-
sure spaces,

fRxFr,xITxPr, —R
and define norms on these functions by

1 llp.g.rs ==

Define the linear operator S mapping functions on R to functions on
R x .'/_"[,M X 7T X P[,u by

<f7 pr(P)>
Sf(y,T,z,P) = \Ip|t/2 7

0, otherwise .

@ e 0llr®) -

ifyelp, PeT, andx € Ip C I,

Here the condition = € Ip C I means that = is contained in the piece
It of 7 and in addition x € Ip, where Ip is naturally identified with a
subset of this piece I. We have

2 1/2
||Sf||2,2,2,2:(/ Z 17, (y [ 0y.p) lfp(x)da:dy>

5 |IT| 2 T
1/2
) =X Kb
PEPI,M

< Clog (14 p)* ||f]lz -
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If y # 3, then the last inequality follows simply from the orthogonality
of the v, p = w, (p). We postpone the proof of inequality (18) in the
case ) = 3 to the next section.

Moreover we have for small § > 0

1S fll1426,00,1,2

| f, U]P
(L
</H{TEF1,u:yEIT | J1, 2 [ Ip|

pPeT

0 ($)> 1/2 da:) 1426 dy) 1/(1429) |

Using (11) with ¢t =14 ¢ we can bound this by

1/(1426)
<o / sup  (inf MB, f(2))'+ dy)
R TEFr yclr #€lr

< C(/( 1—+—6f( ))1+26 y>1/(1+26)

< C|| flli426 -

The last line followed from the maximal theorem.
Interpolation and Holder’s inequality in the third exponent gives
for a different small ¢

(19) 1SFllr,~5,5,~5,1.2 < Clog (1 + 1) | fllr, s -

We replace in this inequality f by f 17, which does not change the left
hand side of this inequality. With the assumption (16) this gives

(/ (Z(IIT(?J) 2m/s])s]_5>(rj_6)/(sj—6) d$>1/(rj_5)
R

TeF
= N7l s 2
< Clog (14 p)* | f 11llr, -5 -
This gives the weak type estimate
{z: Nr>p}l=[{z: Ny > pll
< C(umME= og (14 p)* 275 {| £ 11|, —5)™ 7
<C(umto 27 | f 1, —5)" 0
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Since p > 1 was arbitrary and Nj takes only integer values, this proves
(17) and finishes the verification of Lemma 1.2).
It remains to prove inequality (18) in the case y = 3.

PROOF OF INEQUALITY (18) IN THE CASE ) = 3. It suffices to prove
for all functions f € C*(R)

) | X e, < Clog+m? e

PeP;

Namely, this implies by duality

| 3 Furbum, < Clog(1+ w2 112

I,p

which implies (18) by orthogonality of the w,, (p).

We prove (20). Let Z be the set of intervals It with T' € Fr ,. Let
77 be the set of maximal intervals in 7 with respect to set inclusion,
and define Z,, for v = 2,3, ... to be the set of maximal intervals in

7\ | L.

vi<v

From the dyadic property of the intervals It with T' € Fr , we conclude
that for every J € Z,,, v > 1, there is a J' € Z,_; with J C J’. Since
the counting function Ny, is bounded by p, we conclude that I, is
empty for p > v.

Let P, be the set of all tiles p € Py, with I}, C .J for some J € Z,,
but I, ¢ J' for all J' € Z,,;1. Define v(z) so that the left hand side of
(20) is bounded by

| (5 G o)
n=1 PcP

n

+ H > f, wzoJ(P)>%](P)H2 :

PePu(z) :|IP|22N(E>

By Rademacher-Menshov, the first term in this sum is bounded by
C'log (u+1) || f||2, which is the desired estimate for this summand. The
second summand can be estimated by

2\ 1/2
(e > thumenun],)

PEP,:|T,|>2k
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where

foi= Y {fswp, ) wp,p) -

PeP,

Since the functions f, are orthogonal as v varies, it suffices to prove for
a fixed v

@) [swp| D (Fweunm)||, < Clog(at 1217
PeP,:|I,|>2k

We split the set P, further. Let J be an interval in Z,,. By a trivial
splitting of P, we can assume that all P € P, satisfy Ip C J. Then,
it P € P,, we necessarily have P € T for some tree T' € Fr , with
J C Ir. Hence we can find a collection of at most p trees T' € Fr
such that P, is contained in the union of these trees. For each tree T
in this collection pick a top frequency & € wr, and let = be the set of
these frequencies.

For each integer k with 2¥ < |J| consider the collection Q of all
dyadic intervals of length 27% which have nonempty intersection with
=. Call k an exceptional value if if the cardinality of €24 is larger than
the cardinality of Qj_4. There are at most 8 u exceptional values. Pick
a chain of integers ko < ki < ko < -+- < kg, such that all exceptional
values appear in this chain.

We can estimate the left hand side of (21) by

| Sgp‘ > L) wne| |

pePu|IP|>2km

op s | T o],
m—1<FSfm " ep okm >|Ip|>2k

Again by Rademacher-Menshov the first summand is bounded by

Clog (1 +1) || f|2-
To estimate the second summand it suffices by a similar argument

as before to prove for each m

oo 5 el

mo1<k<km
(22) <k | ep o1y

< Clog (p+1)2||f]l2 -

If k1 = ki — 1, then this estimate is trivial. Therefore assume that
km—1 < km — 1.
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We claim that for k,,—1 < k < k,,, we have

> (f, wp,(P)) Wy, (P)

pEP, :2km >|Ip|>2k

= g 4n, E (fswp (P)) Wp,(P) -
pEP, :2km >|[p|>2Fm -1

Here Il 5, denotes the projection onto the subspace of L?(R) corre-
sponding to all points in the Walsh phase plane whose frequency coor-
dinate is contained in the union of intervals in Q_g,, where kg € {0,1}
depends only on 7 and 2. For the definition and properties of subspaces
associated to sets in the Walsh phase plane (see [11]).

We prove the claim in the case + = 1 and j = 2, the other cases
being similar. In this case we have kg = 0. Let F} be the union of all
intervals in Q. To prove inequality (23) we have to show that for all
P € P, with Ip = 2F we have wy,(P) C Fj._1 and wp, (P)N C F, = o.
However it is clear that w, (p) contains a { € E, hence w,(py U w,(p)
is a dyadic interval of length 27 %*! having nonempty intersection with
= and therefore being contained in Fj_;. Moreover, wp,(PYN C F, =
J, because k is not exceptional and therefore the two neighbouring
intervals wy, (py and w;, (p) can not be both in 2.

Now the claim (23) shows that inequality (22) is a direct con-
sequence of the following Lemma which is a version of a lemma by
Bourgain (see [11]):

Lemma 5 (Bourgain). Let = C RT. For each integer k define Qy
to be the set of dyadic intervals of length 2=% which have nonempty
intersection with Z. Define 1l to be the orthogonal projection onto the
subspace of L?(R) associated to the set of all points in the phase plane
whose frequency coordinate is contained in the union of the intervals in
Qr. Let k < k' be two integers such that Qy and Qg have the same
cardinality. Define

Mzf(r) = sup ML f ().

Then
[ M=fll2 < Clog (12)]|f]]2 -
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PrROOF OF LEMMA 5. Following [1], we present a series of lemmata
that leads to a proof of Lemma 5. The first lemma is a version of
Doob’s oscillation lemma for martingales and is obtained by methods
of stopping times and square functions

Lemma 6 (Doob). Let 1 < r < oo and f € L"(R). For each dyadic
interval I let mypf denote the mean of f on I. For A >0 and x € R let
M)y (x) be the maximal number such that there is an increasing chain of
dyadic intervals x € Iy C Iy C - -+ C Ipg, () with

|m1jf _m1j+1f| Z A

Then 1o
[IAM ] < Cr | f] -

For a proof of this Lemma we refer to [10]. With Lemma 6 we
prove the following lemma due to Lépingle (see [9]):

Lemma 7 (Lépingle). Let € be small and2 —e <p < s<2+e¢,2<s.
Let f € LP(R). Then

J

/SUP{(Z|ijf_ij+1f|s>1/s3 J € N,

7j=1
p
(24) :EEI1CI2C---CIJ+1} d

<C(s—2)7|fI-

PRrROOF. By interpolation it suffices to prove this for f being the char-
acteristic function of a set A. Using the numbers M) (z) defined in
Lemma 6 we can estimate (24) by

Now an easy calculation shows that this is bounded by

S g g2/ / 2-2n0/s (M2 (2))%/* di
n=0
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By Lemma 6 this is bounded by
> 11
S22 A <o (5 - <) Il
oy 2 s p

This proves Lemma, 7.
Next, we prove a vector valued version of Lemma 7.

Lemma 8 (Lépingle, vector valued). Consider the Euclidean space R™
and let f = (f1,-.-,fn) € L2A(R,R™). Let2 < s. For A\ >0, z € R let
My (z) denote the minimal number of A-balls necessary to cover the set

{mrf}1ayadic:zer. Then

H sup ()\Mi/s>
A>0

<02 ananz

For a proof of this lemma we calculate with p = 2 in the previous
lemma

1/s
Isup (A M,7*)|13
A>0

< C/sup Z|m1 fa—mr;,, fal >5/2>1/s:

2
J e N, xellclzc---clm} d

<03 [l (St )"

2
JENO,:EGI1CI2C---CIJ+1} dz

(s =2)~ Z Iall3 -

This proves Lemma 8.

Now we proceed to prove Lemma 5. By passing to a subset of = if
necessary we can assume that €2 and € have the same cardinality as
=Z. We enumerate = as &1,...,&,.
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Let x € R. We use the following equality, which is an easy result
of Walsh phase plane analysis as in [11]

I f(x ka fwe,)we,

a=1

where w¢ is the Walsh function of modulus 1 on R associated to the
frequency ¢ and my(f)(x) is the mean of f over the dyadic interval of
length 2% which contains z.

Let J be a dyadic interval of length 2¥. For s € Z pick a minimal
collection By ; of 2°-balls covering the set

(25) {(mefi(z),...,mufu(z)) : k<K <K'},

where x € J and the set clearly does not depend on the choice of x.
Define the function

6 1= (o8 el ) "

a=1

where M* denotes the dyadic Hardy Littlewood maximal function. The
function G is constant on dyadic inetrvals of length J, and we write G ;
for the value of G on J.

If s is larger that 2 4 log, G'7, then the ball of radius 2° centered
at the origin covers the set (25), and we pick B ; to just consist of
this ball. For each ball B € B, ; pick a ball B’ € By y which has
nonempty intersection with B. Let d(B) = ¢(B) — ¢(B’), where ¢(B)
denotes the center of B. Clearly the length of the vector d(B) is less
than 2512, We write d,(B) for the a-th coordinate of d(B).

For each k < k < k' we can find balls B, 5 s € B, s such that for
eachzxe J, 1<a<n

f wéa Z d n,s,]
SEZ
Then we have

sup
k<rk<k!

ka fwe,) we, (x )‘

< sup ‘sz Bys,7) we, (2)

k<n,<k’ s
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n

> da(B) we, ()

s€E ’ a=1

SC’Zmin{2sn1/2,< Z ‘Zd ) we, (z ‘)1/2}.

SEZ BeB;,; a=1

Hence we obtain
sup My (fo
H k<r<k' Z (fa)
< O'Y min {22 212 ( H Z d(Bwe, |, V")
= SEZ 9 L2(J) .

The functions we, restricted to J are pairwise orthogonal for 1 < o < n,
hence we can estimate the previously displayed expression by

L2(J)

<O T min{20nl/?,2° B, %)

SEZ
s<2+log, G s

4G 5
<C H / min {n1/2,M;/2} d)\‘
0

L1y
Hence
4G
H sup Zmn fa) we, SC’H/ min{n1/2,Mi/2}d)\H
k<k<k' 0 2
Moreover,

4G (z)
/ min{n1/2,Mi/2}d)\
0

4G ()
< G(z) + / n/2=Ys My ()5 dA
n—1/2G(x)

< G(x) + Cn'? Y3 log (1 + n) sup AM, ().
A>0

If we pick s such that 1/2 — 1/s is log (n + 1)7!, then taking the L2
norm in x of the previously displayed expression and using Lemma 8
proves Lemma, 5.
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This completes the proof of Proposition 1.

7. Appendix: Interpolation.

So far we have only proved some of the estimates which are claimed
in Theorem 1. Now we prove the remaining estimates by interpolation.
Recall the definition of the trilinear form

T - C2(R) x C*(R) x CA(R) — R,

1
Ty (f1, fos f3) = —
wi\J1,J2,J3 PZEP |IP|

Also recall that for each permutation o of the set {1,2,3} we have the
bilinear operator Hyy” defined by

(v1,p, f1) (v2,p, f2) (v3,P, f3) -

/Hﬁ}”(fl, f2) (@) f3(x) dz = Ty (fo-1(1)s fom1(2)s fo1(3)) -

Let p1,p2, ps € RU{oo}. We say that T} is of type (p1, p2, ps) if there
is a permutation ¢ such that

(26) 0 < Po(1)s Po(2) Po(z) < 00

and there is a constant C' such that
(27) 1Hw” (£, 9wty < C U Mooy N9llpace)

for all functions f,g € C*(R). Here p’ denotes the conjugate exponent
of p defined by

— 4 =1.
P

We claim the following theorem, which implies Theorem 1.

Theorem 2. Let k € CA(R). If

1 1 1 1 1 1 1
_+_+_:17 __<_7_7_<17
P1 P2 D3 2 p1 p2 p3

then T, is of type (p1,p2,p3)-
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The following diagram shows the plane of all points (1/p1,1/p2,
1/p3) with 1/p1 +1/pa+1/p3 = 1.

Let A be the open interior of the convex hull of the six large filled
circles in the above diagram. Theorem 2 states that T} is of type
(p1,p2,p3) for all (1/p1,1/p2,1/p3) € A. The closed convex hull B of
the three large empty circles is the region in which condition (26) is
satisfied for all permutations ¢ and thus the type estimates (27) are
equivalent for all six bilinear operators Hyy”. The remainder set A\ B
splits into three connected regions D, such that the exponent p, is
negative in the region D, for y = 1,2,3. In each of these regions, only
two permutations o satisfy (26) and thus the estimate (27) makes sense
only for the two corresponding bilinear operators Hyy”.

Proposition 1 proves the type estimates in each of the three tri-
angles which are spanned by two adjacent large filled circles and the
adjacent small filled circle in the above diagram.

Hence Theorem 2 follows from Proposition 1 and the following
convexity lemma:

Lemma 9. Let (1/p1,1/p2,1/p3) and (1/q2,1/q2,1/q3) be two points
in the region A such that p, = q, for some 1+ € {1,2,3} and assume
that T, is of type (p1,p2,ps) and of type (q1,q2,q3). Then Tf; is of
type (u1,uz,uz) for all (1/uy, 1/ug, 1/ug) on the line segment connecting
(1/p1,1/p2,1/ps) and (1/q2,1/q2,1/qs).

We prove the lemma. The conclusion of the lemma follows im-
mediately by complex interpolation as in [2], if there exists a o such
that type (p1,p2,p3) and type (q1, g2, g3) can be expressed as estimates
for Hyp? (i.e., all p,,q, are in (1,00]. This is the case if there is a
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7 € {1, 2,3} such that both (1/p1,1/p2,1/p3) and (1/¢q1,1/q2,1/q3) are
contained in the region B U D,.
Therefore we can assume that

and
( 1 1 1 )
71 g2 g3
are in different regions D,. Let o and 7 be permutations such that

(28) " (s Dt o) < Co [l F oy 191l oy

o(3) —

(29) Hw" (£, 9)la: o) < CallFlla, iy 19lla, o) »

T(3) T

for all functions f,g € C?(R). By symmetry we can assume that
o(1) = 7(1), and then we necessarily have

Po(1) = qr(1) -

Let C, and C, be the optimal constants in the above estimates.

Pick two different points (1/uq,1/us,1/ug) and (1/v1,1/va,1/v3)
on the line segment connecting the points (1/p1,1/p2,1/p3) and (1/qq,
1/q2,1/q3) such that (1/uy,1/us,1/u3) and (1/v1,1/ve,1/v3) are both
in the open interior of the region B and the distance between (1/py,
1/p2,1/p3) and (1/uq,1/usz, 1/ug) is smaller than the distance between
the points (1/p1,1/p2,1/p3) and (1/vy,1/ve,1/v3). It is easy to see
that such points exist, because (1/p1,1/p2,1/p3) and (1/q1,1/q2,1/q3)
are in different regions D,.

Let f € C2(R) be fixed. Tt is easy to see that there are constants
C, and C,, possibly depending on f, such that

(30) HH W (s Dl ) < Cullf gy 191l 2y

o(3) —

(31) HHw” (£ Dot ) < Collfllog oy 190lv, o)

for all functions ¢ € C2(R). Let C, and C, be the best constants
in these inequalities. Assume to get a contradiction that C, is larger
than Cp and Cy. Then it follows by interpolation as in [2] between the
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estimates (28) and (31) that C,, is smaller than C,. However, we have
by duality
(32) 1w (s Dl ) < Cu i 1) 191, oy

T(3) —
(33) Hw" (£ Doz, < Colf o,y 1910, 2y

for all g € CA(R), where the same constants C, and C, as above are
optimal. Hence it follows by interpolation between the estimates (33)
and (29) that C, is smaller than C,, or Cy, a contradiction.

Hence C), is smaller than C), or C,, which are independent of f.
Hence T3} is of type (v1,v2,v3), and now the Lemma follows by inter-
polation between (28) and (31), and by interpolation between (29) and
(33).

This completes the proof of Lemma 9, and therefore also the proof
of theorems 2 and 1.
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