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Continuous problem


ytt − yxx = 0 0 < x < 1, t > 0,
y(0, t) = 0, yx(1, t) = 0 t > 0,
y(ξ−, t) = y(ξ+, t) t > 0,
yx(ξ−, t)− yx(ξ+, t) = −αyt(ξ, t) t > 0,
y(t = 0) = y(0), yx(t = 0) = y(1) 0 < x < 1.

(1)

We define
V := {y ∈ H1(0, 1) ; y(0) = 0}

Proposition

For all (y(0), y(1)) ∈ V × L2(0, 1) and for all α > 0, there exists a
unique solution

y ∈ C((0, T ), V ) ∩ C1((0, T ), L2(0, 1)).
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Energy

The energy of the solution of system (1) is given by

E(t) =
1
2

∫ 1

0

(|yt(x, t)|2 + |yx(x, t)|2)dx

and obeys the following dissipation law :

dE(t)
dt

= −α |yt(ξ, t)|2 . (2)

This implies that the energy is decreasing. Moreover, lim
t→∞

E(t) = 0 for

any initial data in V × L2(0, 1) if and only if

ξ 6= 2p

2q + 1
, ∀p, q ∈ N.
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Exponential decay

The exponential decay property of the solution of (1) is equivalent to
an observability estimate for the corresponding conservative system

ϕtt − ϕxx = 0 0 < x < 1, t > 0,
ϕ(0, t) = 0, ϕx(1, t) = 0 t > 0,
ϕ(t = 0) = y(0), ϕx(t = 0) = y(1) 0 < x < 1,

. (3)

In this case, the observability estimate holds if and only if
ξ = p

q , where p is odd, and therefore, the system (1) is exponentially
stable in the energy space [Ammari-Henrot-Tucsnak 2001].
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Semi-discretization

Let N ∈ N and h = 1
N+1 and consider the subdivision of (0, 1) given

by
0 = x0 < ... < xj−1 < xj = jh < xj+1 < ... < xN+1 = 1,

i.e. xj = jh for all j = 0, ..., N + 1.

We fix jN ∈ N ∩ (0, N + 1) such that xjN
→ ξ when N →∞.
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Finite difference scheme

The finite-difference space semi-discretization of system (1) that
we consider is the following

y′′j −
yj+1−2yj+yj−1

h2 = 0 t > 0, j = 1, ..., N, j 6= jN ,
y0 = 0, yN+1 − yN = 0 t > 0,
yjN +1−2yjN

+yjN−1

h = αy′jN
t > 0,

yj(t = 0) = y
(0)
j ,

y′j(t = 0) = y
(1)
j j = 1, ..., N

. (4)

We set yh = (yj)j , y
(0)
h = (y(0)

j )j and y
(1)
h = (y(1)

j )j .
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Energy decay

We define the energy as

Eh(t) =
h

2

N∑
j=0, j 6=jN

∣∣y′j(t)∣∣2 +
h

2

N∑
j=0

∣∣∣∣yj+1(t)− yj(t)
h

∣∣∣∣2 , (5)

Proposition
The energy is decreasing with respect to t and

E′
h(t) = −α(y′jN

(t))2.
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Conservative system

We consider the finite-difference space semi-discretization of
conservative system (3) :

u′′j −
uj+1−2uj+uj−1

h2 = 0 t > 0, j = 1, ..., N
u0 = 0, uN+1 − uN = 0 t > 0
uj(t = 0) = y

(0)
j , u′j(t = 0) = y

(1)
j j = 1, ..., N

. (6)

The system (6) can be rewritten in the following simplified form :

U ′′h + AhUh = 0, t > 0

where Uh = (u1, ..., uN ) and Ah = 1
h2 tridiag(−1, 2, −1).
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Spectral analysis of conservative problem

The eigenvectors of the matrix Ah satisfy the eigenvalue system{
−ϕj+1−2ϕj+ϕj−1

h2 = λϕj j = 1, ..., N
ϕ0 = 0, ϕN+1 − ϕN = 0

. (7)

From [Isaacson-Keller 1966] we have

ϕk, h
j = sin( (2k+1)πjh

2−h ), j = 0, 1, ..., N

λk, h = 4
h2 sin2( (2k+1)πh

2(2−h) ), k = 0, 1, ..., N − 1.

(8)
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Energy of conservative system

The energy of the conservative system (6) is given by

EjN
(uh, t) =

h

2

N∑
j=0

(
∣∣u′j(t)∣∣2 +

∣∣∣∣uj+1(t)− uj(t)
h

∣∣∣∣2). (9)

Obviously, this energy EjN
(uh, .) is constant.

We now introduce a new energy Ẽh for (6) by

Ẽh(uh, t) =
h

2

N∑
j=0

∣∣∣∣u′j+1(t)− u′j(t)
h

∣∣∣∣2 +
h

2

N∑
j=1

|(Ahuh)j(t)|2 . (10)

This new energy Ẽh of the conservative system (6) is constant.
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Energy decay to 0

Proposition

lim
t→∞

Eh(t) = 0 if and only if

jNh 6= (2− h)l
2k + 1

, ∀k = 0, ..., N − 1, l ∈ N.

Proof :
⇐ : La Salle’s invariance principle.
⇒ : If ∃k ∈ {0, ..., N − 1} such that jNh = (2−h)l

2k+1 , then ϕk, h
jN

= 0 and

yh(t) = ϕk, h cos(λk, ht)

is solution of (4) with a constant energy.
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A splitting

We split up yh solution of (4) : yh = uh + wh, where uh = (uj)j is
solution of (6) and wh = (wj)j solves

w′′j −
wj+1−2wj+wj−1

h2 = 0 t > 0, j = 1, ..., N, j 6= jN

w0 = 0, wN+1 − wN = 0 t > 0
wjN +1−2wjN

+wjN−1

h = αy′jN
− h(Ahuh)jN

t > 0
wj(t = 0) = 0, w′j(t = 0) = 0 j = 1, ..., N

.

(11)
The energy

Eh(wh, t) =
h

2

N∑
j=0, j 6=jN

∣∣w′j(t)∣∣2 +
h

2

N∑
j=0

∣∣∣∣wj+1(t)− wj(t)
h

∣∣∣∣2
verifies

E′h(wh, t) = −w′jN
(αy′jN

− h(Ahuh)jN
). (12)
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Non exponential decay (1)

We fix ξ = p
q where p is odd and a sequence jN ∈ N such that

xjN = jNh → ξ = p
q , when h → 0.

Lemma

If the decay of Eh is exponential, then ∃T > 0 and C > 0 such
that ∀y(0)

h , y
(1)
h ∈ RN , one has

EjN (uh, 0) ≤ C

∫ T

0

∣∣u′jN

∣∣2 dt +
h

2

∫ h

0
|(Ahuh)jN |

2 dt

+Ch2

∫ T

0
|(Ahuh)jN |

2 dt

where uh is solution of (6) and EjN (uh, .) is defined by (9).
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Non exponential decay (2)

Lemma

Assume that
N is a multiple of q

jN = N p
q , where p is odd (and so xjN → p

q ).
Then ∀T > 0, ∃C(T ) > 0 and initial data such that the solution
uh of (6) with these initial data satisfies

EjN (uh, 0) ≥ C(T )
h2

(
∫ T

0

∣∣u′jN
(t)

∣∣2 dt +
h

2

∫ h

0
|(Ahuh)jN |

2 dt

+Ch2

∫ T

0
|(Ahuh)jN |

2 dt).
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Non exponential decay (3)

Theorem

Assume that
N is a multiple of q

jN = N p
q , where p is odd (and so xjN → p

q ).
Then the decay of Eh to zero is not uniformly exponential with
respect to h. More precisely there do not exist positive constants
M and ω which are independant of h such that for all h > 0
and y

(0)
h and y

(1)
h in RN ,

Eh(t) ≤ Me−ωtEh(0), ∀t ≥ 0. (13)
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Filtering technique

Every solution of (6) can be developped in Fourier series as follow

uh(t) =
N−1∑
k=0

[ak cos(
√

λk, ht) +
bk√
λk, h

sin(
√

λk, ht)]ϕk, h

where ak, bk ∈ R, k = 0, ..., N − 1. Introduce

Ch(γ) :=

uh =
∑

λk, h≤ γ

h2

akϕk, h with ak ∈ R

 .
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The gap condition

Lemma

Assume that γ = 4 sin2(πε
2 ) for some 0 ≤ ε < 1. Then√

λk, h −
√

λk−1, h ≥ π cos(
πε

2
)

for all eigenvalues in the range λh2 ≤ γ.

We fix ξ = p
q where p is odd and take the sequence jN ∈ N such that

xjN
= jNh → ξ = p

q , when h → 0, defined by jN =
[

p(2N+1)
2q

]
∈ N,

where [x] means the integral part of x.
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Interior observability

Proposition 1

Assume that ε ∈ (0, π
2 ) is small enough such that α > tan(πε

2 ), where
α verifies ∣∣∣∣sin((k +

1
2
)π

p

q
)
∣∣∣∣ > α, ∀k ∈ N.

Then there exist T = T (γ) > 2 and C = C(γ, T ) > 0 such that for
every solution of (4) in the class Ch(γ)

(T − 2)EjN
(uh, 0) ≤ C

∫ T

0

∣∣u′jN
(t)

∣∣2 dt

uniformly as h → 0.

Proof: based on a boundary observability estimate from [Tcheugoué
Tébou-Zuazua 2007] and Ingham’s inequality.

S. Nicaise and J. Valein Madrid, 05/12/2007



A preliminary estimate

Proposition

There exist T > 0 and C(T ) > 0 such that the solution wh of (11)
verifies∫ T

0

(w′jN
)2dt ≤ C(T )[

∫ 2T

0

(y′jN
)2dt + hẼh(uh, 0) + hF̃h(uh, 0)],

where yh (respectively uh) is solution of (4)(respectively (6)), Ẽh is
defined by (10) and F̃h given by

F̃h(uh, t) =
h

2

N∑
j=0

∣∣∣∣u′′j+1(t)− u′′j (t)
h

∣∣∣∣2 +
h

2

N∑
j=1

|(Ahu′h)j(t)|
2

is obtained by substituting uh by u′h in the energy Ẽh.
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“Quasi” exponential decay

Theorem

Under the assumptions of Proposition 1, there exist
K > 0, ω > 0 and C > 0 such that any solution of (4) with
initial data in Ch(γ) verifies

Eh(yh, t) ≤ Ke−ωtEh(yh, 0)+Ch(Ẽh(uh, 0) + F̃h(uh, 0)).
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An illustration

κ h

Eh(0)

t

Eh

−lnh
ω
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Equivalence

Proposition

Let the assumptions of Proposition 1 be satisfied, the following
assertions are equivalent :
(i) There exist K > 0, ω > 0 and C > 0 such that every solution of
(4) with initial data in Ch(γ) verifies

Eh(yh, t) ≤ Ke−ωtEh(yh, 0) + Ch(Ẽh(uh, 0) + F̃h(uh, 0)).

(ii) There exist positive constants T0 and C0 such that every solution
of (6) satisfies

EjN
(uh, t) ≤ C0

∫ T0

0

∣∣u′jN

∣∣ dt + C0h(Ẽh(uh, 0) + F̃h(uh, 0)).
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Conclusion and open problems

Conclusion
Non uniform exponential decay of the discrete energy
Filtering technique allows to restore a quasi exponential
decay

Open problems
Uniform polynomial decay rates
Full discretizations
Discretization on networks
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