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Continuous problem

Ytt — Yoz =0 O0<a<l1,t>0,
y(O, t) = Oa yz(la t) =0 t> 0,
y(€— 1) = y(&s, 1) t>0, (1)

ym(&*ﬂ f) - y:r,(ngf t) = _O‘yt(fv t) t> Oa
y(t=0)=y©, y,(t=0) =y O<z<l

We define
Vi={ye H(0,1); y(0) = 0}
Proposition

For all (y©,y™M) € V x L?(0, 1) and for all a > 0, there exists a
unique solution

y e C((0,T), V)NnC((0, T), L*(0, 1)).
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The energy of the solution of system (1) is given by

1

1
B = 5 [ (o 0F + ool 0o

and obeys the following dissipation law :

dE(t)

e e (&, 1)) (2)

This implies that the energy is decreasing. Moreover, flim E(t) =0 for
L — 00
any initial data in V' x LQ(O7 1) if and only if

,q € N.
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Exponential decay

The exponential decay property of the solution of (1) is equivalent to
an observability estimate for the corresponding conservative system

Ot — Pz =0 O<z<l1,t>0,
©(0,%) =0, pz(1,t) =0 t>0, . (3)
pt=0)=y?, . (t=0)=yM 0<z <1,

In this case, the observability estimate holds if and only if

&= g, where p is odd, and therefore, the system (1) is exponentially

stable in the energy space [Ammari-Henrot- Tucsnak 2001].
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Semi-discretization

Let N e Nand h = ﬁ and consider the subdivision of (0, 1) given
by
O=2p<..< Tj—1 < ZTj :jh <Zjp1 < ... <INyl = 1,
ie. z;j=jhforall j=0,.., N+1.
We fix jy € NN (0, N + 1) such that z;, — £ when N — oo.
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Finite difference scheme

The finite-difference space semi-discretization of system (1) that
we consider is the following

yj = BRI =0 50,5 =1, N, j # i,
Yo=0,ynt1 —yn =0 t>0,

PR —ayl >0, L@
yi(t=0) *yj( ),

1 .
Yt = ):yj(.) j=1,...,N

0 1 1
J(' )); and yV = "),
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Energy decay

We define the energy as

N N 2
h 2, b |y () = y(8)
By =5 > [lof+3 S N ©)
§=0, j#in j=0

Proposition

The energy is decreasing with respect to t and

Ej(t) = —a(y, (t)*.
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Conservative system

We consider the finite-difference space semi-discretization of
conservative system (3) :

U}'*%:O t>0,j=1,.., N
u =0, unyt1 —uny =0 t>0 . (6)

ui(t=0) =y, wi(t=0) =y j=1,. N
The system (6) can be rewritten in the following simplified form :
U]/; + AU, = 0,t>0

where Uj, = (u1,...,un) and Ay = 5 tridiag(—1, 2, —1).

and J. Valein Madrid, 05/12/2007



Spectral analysis of conservative problem

The eigenvectors of the matrix Ay satisfy the eigenvalue system

72 = )\(pj ] = 1,..., N ) (7)

_ P12 1ot
{ wo=0, ony1 =N =0

From [Isaacson-Keller 1966] we have

Pt = sin(BHEDT = 0,1, N

Men = i sin2(GH5), b =0,1,., N = 1.
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Energy of conservative system

The energy of the conservative system (6) is given by

N

H
Ejy (”U,;,, t) = éZ(’u;(fﬂQ +

=0

2

)- (9)

Wi (t) = uy (1)
h

Obviously, this energy F;, (up, .) is constant.
We now introduce a new energy Ej, for (6) by

~ h
Eh(uh: t) - 5 Z

ufyq () — (1) ‘2 h&
Jj=0

7 5 2 ) OF . (10)

Jj=1

This new energy E), of the conservative system (6) is constant.
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Energy decay to 0

Proposition
tlim Ey(t) =0 if and only if

) (2 — h)l .
inh ,Vk=0,.., N—1,1€N.
.];\'7’£2k_~_1,v 0,... L E

Proof :
< : La Salle’s invariance principle.

= ¢ If 3k € {0,..., N — 1} such that jxh = G, then ¢} = 0 and

yn(t) = @k’h cos(Ag, nt)

is solution of (4) with a constant energy.
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A splitting

We split up yp, solution of (4) : yn = up + wp, where uj, = (u;); is
solution of (6) and wy, = (w;); solves

wl — =Rt t>0,j=1,..., N, j#jn
wo =0, wyt1 —wy =0 t>0
Wi +1— 211/\+11J\—1 —Ot’ljj\ h(AhUh) t>0
wj(tf())fow(t—())—o j:1,...,N
(11)
The energy
N N 2
h yo2 b w1 () —w;(t)
En(wn ) =5 3 Jwj®] + 5 |7
J=0, j#in j=0
verifies
Ej (wp, 1) = fu:}‘\ ((},y}N — h(Apup)jy)- (12)

and J. Valein Madrid, 05/12/2007



Non exponential decay (1)
We fix £ = ; where p is odd and a sequence jy € N such that
Tjy =jnh — &= g, when h — 0.

Lemma

If the decay of Ey, is exponential, then 3T > 0 and C > 0 such
that Vy,(lo), y(l) € RN, one has

2 -
J\ uh < C/ ﬁ + 21 / |(Ahuh)j1\«'|2dt
0

T
+Ch2/0 |(Apup)jy|? dt

where uy, is solution of (6) and Ejy (up, .) is defined by (9).
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Non exponential decay (2)

Lemma

Assume that
m N is a multiple of ¢
m jy = NZE, wherep is odd (and so zj — L).

Then YT > 0, 3C(T) > 0 and initial data such that the solution
up, of (6) with these initial data satisfies

CT T }L h
Byluns 0) 2 S u O a5 [ iAwun) P
), 0 0

2

T
+Ch? /O [(Apup)jy | dt).

v

S. Nicaise and J. Valein Madrid, 05/12/2007



Non exponential decay (3)

Theorem

Assume that

m N is a multiple of ¢

m jy =N L, wherep is odd (and so zj — L).
Then the decay of Ep to zero is not uniformly exponential with
respect to h. More precisely there do not exist positive constants
M and w which are independant of h such that for all h > 0

and y(o) and y,(ll)in RN,

h
Eu(t) < Me “'E(0), Vt > 0. (13)

4
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Filtering technique

Every solution of (6) can be developped in Fourier series as follow

N—-1

up(t) = Z [a cos(\/ Ak, nt) +

—0 k,h

by :
& bln( Akr.llt)]iplhh

where ai, by € R, k =0,..., N — 1. Introduce

Cr(y) == up = Z ape™ " with a, € R

Ao, h <75

h=
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The gap condition

Lemma
Assume that v = 4sin (%) for some 0 < e < 1. Then

€

Vb =V Ae—1,n > Wcos(%)

for all eigenvalues in the range \h* < 7.

We fix £ =2 Where p is odd and take the sequence jy € N such that
Tin —]Nh—>§ , when h — 0, defined by jy = [M} eN,

where [z] means the integral part of x.
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Interior observability

Proposition 1
Assume that € € (0, §) is small enough such that a > tan(%°), where
« verifies

1 n
sin((k + i)ﬂ‘g)

Then there exist T'=T(y) > 2 and C = C(v, T') > 0 such that for
every solution of (4) in the class Cy(y)

> «, Vk € N.

T -
(T —2)Ejy (up, 0) < C /O \u;N (t) \2 dt

uniformly as h — 0.

Proof: based on a boundary observability estimate from [Tcheugoué
Tébou-Zuazua 2007 and Ingham’s inequality.
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A preliminary estimate

Proposition

There exist T > 0 and C(T) > 0 such that the solution wy, of (11)
verifies

T 2T
/ (W) )2dt < O(T)] / (4, 2dt + hEn(un, 0) + hEy (un, O],
0 JO

where yp, (respectively uy) is solution of (4)(respectively (6)), Ey, is
defined by (10) and F}, given by

N
LLh t E
=0

2 N

h 2
5 20 (An);(0)

Jj=1

]+1 — Uy (f)

is obtained by substituting uy by wj, in the energy Ej,.
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“Quasi” exponential decay

Theorem

Under the assumptions of Proposition 1, there exist
K >0,w >0 and C > 0 such that any solution of (4) with
initial data in Cp(7y) verifies

Ep(yn, t) < Ke " Ey(yp, 0)+Ch(Ep(up, 0) + Fj,(up, 0)).
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An illustration

0:00 ——mn t
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Equivalence

Proposition

Let the assumptions of Proposition 1 be satisfied, the following
assertions are equivalent :

(i) There exist K > 0, w > 0 and C > 0 such that every solution of
(4) with initial data in Cp(7y) verifies

Eh(yh-, f) S K(]/i/“)[‘Eh(yh-, O) + Ch(Eh(ulm O) + Fh,(“’h: 0))

(i) There exist positive constants Ty and Cy such that every solution

of (6) satisfies

To ~ ~
E;(up, t) < CO/ ‘u;\ ‘ dt + Coh(Ey,(up, 0) + Fp(up, 0)).
0

and J. Valein Madrid, 05/12/2007



Conclusion and open problems

Conclusion
m Non uniform exponential decay of the discrete energy

m Filtering technique allows to restore a quasi exponential
decay

Open problems
m Uniform polynomial decay rates
m Full discretizations

m Discretization on networks
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