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Intro
Introduction

Let Q € RN be a bounded domain, with N > 3, and w C Q.

The equation

We consider the of the heat equation
with an inverse square potential.

8tu—Au—#u: , (x,t) e Qx(0,T),
u(x,t) =0, (x,t) €90 % (0, T), (1)
U(X7 0) = UO(X)7 x €,
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Precise statement of the problem

Problem

Given any up € L?(Q), can we find a veL?(wx(0,T))
such that the solution u of (1) satisfies

u(T,v)=0 7 (2)
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Remarks on the Cauchy problem

Careful ! If © > p*(N) and if uy > 0, then no solution exists*,
even locally in time !

*Baras & Goldstein, 1984
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Remarks on the Cauchy problem

Careful ! If © > p*(N) and if uy > 0, then no solution exists*,
even locally in time !

The Cauchy problem' is well-posed if 11 is not too large, namely

w<w = (N2 3)

*Baras & Goldstein, 1984
TVazquez and Zuazua, JFA, 2000

Sylvain Ervedoza Carleman Estimates



Remarks on the Cauchy problem

Careful ! If © > p*(N) and if uy > 0, then no solution exists*,
even locally in time !

The Cauchy problem' is well-posed if 11 is not too large, namely

w<w = (N2 3)

Strongly related to the Hardy inequality

2
vu e H(Q), u*(N)/ Uzdxg/ Vudx.  (4)
a [X| Q

*Baras & Goldstein, 1984
TVazquez and Zuazua, JFA, 2000
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Remarks on the Cauchy problem

@ Functional spaces:

u
ue H(Q) = X e H .

Sylvain Ervedoza Carleman Estimates



Remarks on the Cauchy problem

@ Functional spaces:

u

H§(Q —s e H,
ue Hy(2) = TE €
@ Positivity of the operator
A H(N)
X2
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Remarks on the Cauchy problem

@ Functional spaces:

u
H (@ —= e H.
ue Hy(2) = TE €
@ Positivity of the operator
A H(N)
X2

@ Hardy not attained ! — A natural norm is

2 2
lu =/|VU|2—M*(N)/|U|



Remarks on the Cauchy problem

@ Functional spaces:

u
H (@ —= e H.
ue Hy(Q2) = TE €
@ Positivity of the operator
A H(N)
X2

@ Hardy not attained ! — A natural norm is
2= [ (v~ () [ 10

From now, we assume p < p*(N).
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Related Works
Previous works

@ On the heat equations:
Fursikov & Imanuvilov, Controllability of evolution
equations (1996),
Lebeau & Robbiano, Coniréle exact de I'’équation de la
chaleur (1995),
Fernandez-Cara & Zuazua, Null and approximate
controllability for weakly blowing up semilinear heat
equation (2000),

@ Heat equations with singular coefficients:
Martinez & Vancostenoble, Carleman estimates for
one-dimensional degenerate heat equations (2007)
Vancostenoble & Zuazua, Null-controllability for the heat
equation with singular inverse-square potentials (2007).
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Related Works
Known results

Heat equation with a potential
Controllability of

ou — Au — a(x)u = ) (x,t) e Q2 x(0,T),
u(x,t) =0, (x,t) € 92 x (0, T),
u(x,0) = up(x), x €.

Ok if

ac LP(Q), p>2N/3.

Hlmanuvilov & Yamamoto (2003)
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Related Works
Known results

Heat equation with a potential
Controllability of

ou — Au — a(x)u = ) (x,t) e Q2 x(0,T),
u(x,t) =0, (x,t) € 92 x (0, T),
u(x,0) = up(x), x € Q.
Ok if
ac LP(Q), p>2N/3.
Here, 1
_ N/2—e(q [
e el (Q), >0 !

Hlmanuvilov & Yamamoto (2003)
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Related Works
Known results

Conjecture and open problem

@ We do not expect controllability to hold for

aclP, p<Nj2

@ We do not know what happens when

aelP(Q), pe(N/2,2N/3] !

Anyway, with the inverse square potential, we cannot apply the
existing theory !
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Related Works
Known results

Controllability of the heat equation with a singular
inverse-square potential holds®
on the control region w, namely :

w contains an annular set which surrrounds the singularity.

$Vancostenoble & Zuazua, 2007
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Related Works
Known results

Controllability of the heat equation with a singular
inverse-square potential holds®
on the control region w, namely :

w contains an annular set which surrrounds the singularity.

Key point of the proof: Use spherical harmonics to work with
radial equations near the singularity, and a Carleman estimate
on a 1-d heat equation with a singular potential.

$Vancostenoble & Zuazua, 2007
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Related Works
Known results

Controllability of the heat equation with a singular
inverse-square potential holds®
on the control region w, namely :

w contains an annular set which surrrounds the singularity.

Key point of the proof: Use spherical harmonics to work with
radial equations near the singularity, and a Carleman estimate
on a 1-d heat equation with a singular potential.

Our goal: Remove the geometrical assumption.

$Vancostenoble & Zuazua, 2007
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Related Works
Known results

Controllability of the heat equation with a singular
inverse-square potential holds®
on the control region w, namely :

w contains an annular set which surrrounds the singularity.

Key point of the proof: Use spherical harmonics to work with
radial equations near the singularity, and a Carleman estimate
on a 1-d heat equation with a singular potential.

Our goal: Remove the geometrical assumption.

From now, we assume @ N B(O, 1) = ¢. (scaling argument)

$Vancostenoble & Zuazua, 2007
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Contribution
Controllability result

Controllability holds for (1) for < p*(N) without any geometric
assumption !
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Contribution
Controllability result

Controllability holds for (1) for < p*(N) without any geometric
assumption !

Difficulties :
@ We cannot use spherical harmonics.
@ Choosing a weight conveniently in a Carleman estimate.
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Contribution

Sketch of the proof

Use HUM, and hence rather study the observability of the
adjoint system, that is the inequality

/ w(x,0) dx < c// wix, 2 dxde (5)
Q wx(0,T)

for any solution of

atw+Aw+Ww 0, (x,t) e 2 x(0,T),
w(x,t) =0, (x,t) €90 x (0, T), (6)
w(x, T) = wr(x), x € Q.
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Sketch of the proof

Derive a Carleman estimate to prove the observability
inequality (5).

Let ¢ enjoying the following properties:
P(x) = |n(\XI), x € B(0,1),

P(x) = x € 09, 7)
P(x) > x € Q\B(O, 1),
|72p(x)| >5>0 x € Q\w,

define o(t, x) the
1
o(t, %) = s0(t) (62%9% — J|x2 — o(x)). (8)
where s and X are large coefficients, and # and ¢ are

o(t) = <t T1_t )3’ P(x) = e ().
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Contribution

Carleman estimate

JK > 0,3)g > 0,V > A, 3sp(N), Vs > sg, any w solution of (6)
satisfies

% / / 0pe 27 |vw|? + s°\* / / 0°p°e 27 |wf?
Q\B(O,1) Q\B(O,1)
+S// —20 // 03 —20‘X| |W|2
Qx(0,T) Qx(0,T)
<K s>\2 / / 9¢e_2”|vw|2+33)\4 / / 93¢se‘2"\w|2)
wx(0,T) wx(0,T)
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Contribution
Comments

@ The weight function looks like 6(t)(C — |x|?) in the unit ball
as the weight proposed in Vancostenoble & Zuazua to
study the radial singular equations.
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Contribution
Comments

@ The weight function looks like 6(t)(C — |x|?) in the unit ball
as the weight proposed in Vancostenoble & Zuazua to
study the radial singular equations.

@ Outside the ball, the weight functions looks like the weight
function proposed by Fursikov & Imanuvilov to study the
observability of the heat equation.
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Contribution
Comments

@ The weight function looks like 6(t)(C — |x|?) in the unit ball
as the weight proposed in Vancostenoble & Zuazua to
study the radial singular equations.

@ Outside the ball, the weight functions looks like the weight
function proposed by Fursikov & Imanuvilov to study the
observability of the heat equation.

@ If wis a solution of (6) with a source term f, the same
inequality holds provided we add

// 6_20‘f|2
Qx(0,T)

in the right-hand side of the inequality.
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Contribution
Comments

@ In the proof, we use the following Hardy inequality:

2 2
W [ [ < [ewic [ w
Q IxI

Q \X|2
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Contribution
Comments

@ In the proof, we use the following Hardy inequality:

2 2
w w
wr(ny [ "s/\vw|2+c/\w\2.
o x| o x| Q Q

@ If u < p*(N), one can add in the left-hand side the
following term

s - [[ ez
Qx(0,T) |X|
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Contribution
Comments

@ In the proof, we use the following Hardy inequality:

2 2
w w
wr(ny [ "s/\vw|2+c/\w\2.
o x| o x| Q Q

@ If u < p*(N), one can add in the left-hand side the
following term

s - [[ ez
Qx(0,T) |X|

@ Forany ~ < 2, replacing 6 by (t(T — t))~'=2/7, one can
obtain in the right hand-side

s// 9e‘2”—|w|2.
Qx(0,T) x|
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Contribution

To the observability

Using Cacciopoli’s inequality, one easily obtain

// xt]2<C// w(x, 1)2.
ax(4.3h) wx (0, T)

Due to the dissipation properties of (6), this implies the
observability inequality

/ w(x,0)2 dx < c// w(x, )| dxd.
Q wx(0,T)
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Contribution
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Contribution

Further comments

Other singular potentials

Using the same Carleman estimate, one can prove the
controllability of the heat equation with more general potentials

Py My
ou — Au |X|2u+ \XWU = , (x,t)eQx(0,T),
u(x,t) =0, (x,t) € 02 x (0, T),
u(x,0) = up(x), xeq,

with v < 2, and still © < p*(N).
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Contribution

Multipolar singular potentials

Multipolar case

Consider
Wi
_ _ — T
o — Au z’,:|x—x,-|2u . (%, 1) eQx(0,T),
u=0, onodQ
9)
where p; < p*(N) for each i, and the set {x;} is finite.
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Contribution

Multipolar singular potentials

Multipolar case

Consider
Wi _
o — Au Z|X_Xi‘2u— . (%, 1) eQx(0,T),
u=0, onodQ
9)
where p; < p*(N) for each i, and the set {x;} is finite.

v

Controllability for system (9) holds !

Without loss of generality, we assume (scaling)

inf{|x; — x;|} > 2, d(x;,00) > 2.
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Contribution

Multipolar Carleman estimate

The weight function

The following choice gives a "nice" Carleman inequality for (9)

1
o(t,x) = sH(PY — 237 Ix = xiP(x — x) = ),

where ) satisfies

P(x) =In(|x —x1), xe€B(x;,1),
P(x) =0, x € 09,
P(x) >0, XGQ\(U/’ B(Xi,1)),
|Vy| > 6 >0, x e QNw
and ~ is such that
y(x)=1, [x] <1, 7(x) =0, [x[=>2.
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Contribution
Remarks

From the Carleman estimate, any solution of (9) satisfies

// xt|2<C// w(x, t)|?
QX( wX(OT
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Contribution
Remarks

From the Carleman estimate, any solution of (9) satisfies

// xt|2<C// w(x, t)|?
S'2><(4,4) wX(OT

But the system is not dissipative anymore !
Indeed, the quadratic form

i 2
= [ |owp - /w|
/Q Z,: o |x —x?

is not positive !
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Contribution
Remarks

From the Carleman estimate, any solution of (9) satisfies

// xt|2<C// w(x, t)|?
S'2><(4,4) wX(OT

But the system is not dissipative anymore !
Indeed, the quadratic form

i 2
= [ |owp - /w|
/Q Z,: o |x —x?

However, it is bounded from below, and this is enough to
conclude!

is not positive !
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Open problems
> p(N)

Known results

@ Baras & Goldstein (1984): No solution for positive initial
data, even localy in time!

@ Vazquez & Zuazua (2000): Well-posed Cauchy problem in
the ball when filtering.

@ Vancostenoble & Zuazua (2007): Controllability in the ball
for filtered initial data with a control on an annular set.

Problem
Controllability without filtering ? In any set ?
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Open problems

Non linear parabolic equations

The operator
o)

X

appears as the linearization of several nonlinear elliptic
problems’

—Aup = \e!, —Au, = )\2(1 + U2)p in B(O, 1)
u=0 onS(0,1)

Problem

Can we control the corresponding nonlinear parabolic equation
around the stationary state uy, (respectively u,)?

TBrézis & Vazquez, Blow-up solutions of some nonlinear elliptic equations,
1997
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Open problems

Wave equation with an inverse-square potential

Under which geometrical assumption can we control the
following equation ?

8§U—AU—#U: , (x,1) € Q% (0,T),
u(x,t) =0, (x,t) € 92 x (0, T),
u(x,0) = up(x), x € Q.
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Open problems
Thanks

Thank you for your attention !

More details available by email at
sylvain.ervedoza@math.uvsqg. fr
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